Abstract In this paper, over an arbitrary ring we define the notion of weakly radical supplemented modules (or briefly wrs-module), which is adapted from Zöschinger's radical supplemented modules over a discrete valuation ring (DVR), and obtain the various properties of these modules. We prove that a wrs-module having a small radical is weakly supplemented. Moreover, we show that a ring R is left perfect if and only if every left R-module is wrs. Also, we prove that every wrs-module over a DVR is radical supplemented.
Introduction
Throughout this study, all rings are associative rings with identity and all modules are unital left modules unless indicated otherwise. Let R be such a ring and M be an R-module. The notation N ⊆ M means that N is a submodule of M . A submodule L ⊆ M is called essential in M , denoted as L M , if L ∩ N = 0 for every non-zero submodule N ⊆ M . Dually, a proper submodule S ⊆ M is called small in M , denoted by S M , if S + L = M for every proper submodule L of M (see [9] ). Following [9] , M is said to be hollow if every proper submodule is small in M . For a module M , Rad(M ) (respectively, Soc(M )) indicates the radical (respectively, the socle) of M . Equivalently, Rad(M ) is the sum of all small submodules of M . By a supplement of N in M we mean a submodule K which is minimal in the collection of submodules L of M such that M = N + L. Equivalently, M = N + K and N ∩ K K. It can be seen that a submodule S of M is small in M , then M is a supplement of S in M . If M = N +K and N ∩K M , then K is called a weak supplement of N in M . A module M is called (weakly) supplemented if every submodule has a (weak) supplement in M (see [9] ). Hollow modules are supplemented and supplemented modules are weakly supplemented.
Zöschinger showed in [11, Lemma 2.1] that every module with small radical over a DVR is the direct sum of a finitely generated free module and a bounded module. In [10] , he generalized the concept of modules with small radical to radical supplemented modules. M is called radical supplemented if Rad(M ) has a supplement in M . These modules are also a proper generalization of supplemented modules. Then, Büyükaşık and Türkmen [4] have defined a module M strongly radical supplemented (or briefly srs) if every submodule N of M with Rad(M ) ⊆ N has a supplement in M . The authors have obtained in the same paper the various properties of srs-modules.
As motivated by the above definitions, it is natural to introduce that modules whose every submodule containing the radical has a weak supplement (in particular, over dedekind domains the radical has a weak supplement) in the module. So we call a module M weakly radical supplemented (or briefly wrs) if every submodule N of M with Rad(M ) ⊆ N has a weak supplement in M .
In this note, we investigate the various properties of wrs-modules. We show that the class of wrs-modules is closed under finite sums, factor modules and small covers. We prove that a wrs-module having small radical is weakly supplemented. We characterize perfect rings and semilocal rings via wrs-modules. We also prove that, over a DVR every wrs-module is srs. It follows that wrs-modules are radical supplemented. We show that every weak supplement of the radical of a torsion module over a dedekind domain is coatomic.
wrs-modules
It is clear that every weakly supplemented module is a wrs-module. However, a wrsmodule is not necessarily weakly supplemented. The following example shows that a wrs-module need not be weakly supplemented.
Recall that over a ring a module M is said to be radical if Rad(M ) = M .
Example 2.1 Let R be a DVR (that is, a local dedekind domain) and K be the quotient field of R. Note that the left R-module K is injective. Let M = R K (I) , where I is an infinite index set. Since R is noetherian, M is injective. According to [1, Lemma 4.4] , it is radical. By [4, Lemma 2.6], M is a wrs-module but not weakly supplemented.
Proposition 2.1 Let M be a wrs-module which contains its radical as a small submodule. Then, M is weakly supplemented.
Recall that a module M over an arbitrary ring is said to be coatomic if every proper submodule M is contained in a maximal submodule of M . It is easy to see that every coatomic module has a small radical. Semisimple modules and finitely generated modules are coatomic.
The next result is a direct consequence of Proposition 2.1.
Corollary 2.2
Let M be a coatomic module. Then, M is a wrs-module if and only if it is weakly supplemented.
In [2] , a module M is said to be cofinitely weak supplemented (or briefly cws-module) if every cofinite submodule N of M has a weak supplement in M . Here a submodule N of M is cofinite in case M N is finitely generated. A characterization of cws-modules is given in [2, Theorem 2.16]. As an immediately consequence of the characterization, we deduce the following fact.
Corollary 2.3 Every wrs-module is cws.
Proof. Let M be a wrs-module. Then, any maximal submodule has a weak supplement in M . Therefore, the result follows from [2, Theorem 2.16].
In the next example, we show that a cws-module need not be wrs in general.
If L is a wrs-module, then it is semisimple (see Remark 2.1). This is a contradiction because Q is not semisimple. Hence L is a cws-module but not wrs.
We prove an analogue of [4, Proposition 2.14].
Proposition 2.4 Let M be a cws-module with cofinite radical. Then, M is a wrsmodule.
Proof. Let U be a proper submodule of M with Rad(M ) ⊆ U . Note that
is finitely generated, and so U is a cofinite submodule of M . Applying our assumption, we conclude that M is wrs. Proposition 2.5 Let M be a wrs-module. Then, every semisimple submodule of M has a supplement that is a direct summand of M .
Since C is semisimple, Soc(C) = C. It follows from [6, 2.8 (9) ] that C M . Thus, C Rad(M )+V because Rad(M )+V is a direct summand of M by [9] . Hence Rad(M ) + V is a supplement of U in M .
Proposition 2.6 Every homomorphic image of a wrs-module is wrs.
Proof. Let f : M −→ N be a homomorphism and L be a submodule of f (M ) with
. This means that L has a weak supplement in M . This completes the proof. In [8] , over an arbitrary ring a module M is said to be semilocal if 
Proof. By the hypothesis, we have
where each M i is a wrs-module. Then, M is a wrs-module.
Proof. Suppose that n=2, that is,
has a weak supplement V in M 1 . Again applying the Lemma 2.8, V + L is a weak supplement of N in M . The proof is completed by induction on n. Proof. Necessity follows from Proposition 2.6. Conversely, suppose that (2) Let U be a submodule of M with Rad(M ) ⊆ U . Then, M = U + N . Since R is semilocal, by [8, Theorem 3.5] , N is weakly supplemented. Applying Lemma 2.8, U has a weak supplement in M . Thus M is a wrs-module.
Corollary 2.15 Let R be a ring. R is semilocal if and only if every left R-module with cofinite radical is wrs.
Proof. (=⇒) Let R be a semilocal ring and let M be an R-module with cofinite Rad(M ). Then, we can write M = Rad(M )+N for some finitely generated submodule N of M . It follows from Theorem 2.14 (2) that M is wrs.
(⇐=) Let S = R Rad(R) . Then Rad(S) = 0. Since S is a finitely generated R-module, S is wrs by our assumption. Therefore S is semisimple according to Remark 2.1. Consequently, R is semilocal. Now we give the next result, characterizing perfect rings in term of wrs-modules. Theorem 2.16 Let R be a ring with identity. R is left perfect if and only if every left R-module is wrs.
Proof. (=⇒) Let R be a left perfect ring. Since all (weakly) supplemented modules are wrs, every module over the left perfect ring R is wrs.
(⇐=) By Corollary 2.15, R is semilocal. Applying [5, Theorem 1], we obtain that R is left perfect.
wrs-modules over dedekind domains
In this section, we show that over a DVR wrs-modules and Zöschinger's radical supplemented modules coincide. In particular, we prove that if the radical of a module M has a weak supplement in M , Rad(M ) has a supplement (i.e. M is radical supplemented).
Firstly, we need the following lemma.
Lemma 3.1 Let M be a wrs-module over a dedekind domain and U be a submodule of M with Rad(M ) ⊆ U . Then, every weak supplement of U is coatomic. 1. Rad(M ) has a weak supplement in M .
2. There exists a coatomic submodule N of M such that
